The Linewidth of Ramsey Laser with Bad Cavity 
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We investigate a new laser scheme by using Ramsey separated-field technique with bad cavity. By studying 
the linewidth of the stimulated-emission spectrum of this kind of laser inside the cavity, we find its linewidth 
is more than two orders of magnitude narrower than atomic natural linewidth, and it is far superior to that 
of conventional optical Ramsey method and any other available subnatural linewidth spectroscopy at present. 
Since any cavity related noise is reduced to cavity-pulling effect in bad cavity laser, this Ramsey laser provides 
the possibility of precision subnatural linewidth spectroscopy, which is critical for the next generation of optical 
clock and atom interferometers. 

PACS numbers: 42.55.Ah, 42.50.Ar, 42.60.Da, 32.30.-r 



Introduction: Since the invention of the separated-field 
technique 111], it has played an important role in the field of 
precision spectroscopy due to its linewidth narrowing effect 
via multiple coherent interaction. Atomic clocks based on 
this technique have greatly extended our ability for frequency 
measurement, further, almost all the atom interferometers are 
based on this technique [2]. 

Though, the natural linewidth of quantum transition was 
regarded as the ultimate limit to high-resolution laser spec- 
troscopy [4], several methods of subnatural linewidth spec- 
troscopy have been proposed to gain subnatural linewidth |3- 
[lOtl . However, in all these efforts, including optical Ramsey 
spectroscopy, subnatural line is realized at the expense of a 
quick reduction in signal-to-noise (SNR) ratio due to the ex- 
ponential decaying of signal, thus all these schemes can only 
get the linewidth several times narrower than the atomic nat- 
ural linewidth. In the past three decades, this situation does 
not change in the field of the precision laser spectroscopy. 
On the other hand, the thermal noise of the cavity mirrors is 
the main obstacle for further linewidth reduction of a laser 
1 1 III12I]. an d it is a challenge to substantially reduce this noise 



further! OL Recently, a new scheme, called active optical 
clock il4l4l8ll . was proposed to substantially reduce the laser 
linewidth. With lattice trapped atoms, it is possible to reach 
mHz linewidth laser based on the mechanism of active optical 
clock lfT4i [Tsi [19I1 . The principal mechanism of active optical 
clock is to directly extract light emitted from the ultranarrow 
atomic transition with a cavity mode linewidth much wider 
than that of lasing. This bad cavity ensures that any frequ ency 
shift due to cavity noise reduces to cavity -pulling effect [15|- 
[T7.I . then the thermal noise is not the major obstacle again for 
reducing the linewidth. This means the bad cavity can play an 
indispensable role in new subnatural linewidth spectroscopy. 

In this Letter, we propose a new scheme called Ramsey 
laser with bad cavity. Distinct from any previous applications 
of conventional Ramsey separated oscillating fields method 
lit], which focuses on the absorption spectrum, we here fo- 



cus on the stimulated emission spectrum via multiple coher- 
ent interactions inside the cavity. We find this Ramsey laser 
can provide a stimulated-emission spectrum with a linewidth 
much narrower than that of any conventional optical Ramsey 
seperated-field spectroscopy, which is commonly applied in 
optical atomic clock. Our results also show that a subnatural 
linewidth spectroscopy, superior to any other available subnat- 
ural spectroscopy technique at present js Uloll . can be reached 
by this kind of laser, if a suitable atomic level structure is cho- 
sen. Thus, this method can provide an effective subnatural 
spectroscopy, and the possibilities for the new optical clock 
scheme f 15] and atom interferometers |2]. 

Theoretical framework: We consider the case of a two-level 
atomic beam interacting with a single-mode Ramsey cavity 
of separated-oscillating-field resonators with the cavity mode 
linewidth is much wider than the atomic gain linewidth. Thus 
we call it bad-cavity Ramsey laser All atoms are pumped 
onto the upper lasing state a before entering the first cavity 
of seperated field, and the lower lasing state is b. We assume 
all the atoms have the same velocities v, that means what we 
consider here is a homogeneous laser system. And for the 
sake of simplicity, we consider the two-standing waves linear 
optical Ramsey configuration with a grid as spatial selector 
I 20I 2lf]. Our treatment can be extended to other configura- 
tions as in 122- 241 . The length of each oscillating part is /, 
and the length of the free drift region is L. The corresponding 
Hamiltonian is 

H - ficaa'a + ^ ^ [w,{(f)cr^ + (jjiit)cr[] 

j 

-H % ^ r/f)(fl"^o-ie"*''' + &{ae"''i), ( 1 ) 



where a, a' are the annihilation and creation operators of the 
field mode inside the cavity, with the frequency a), cri - 
(\a) {a\y and cr^ - (\b) {b\y are the projection operators for the 
jth atom corresponding to the upper and lower lasing levels. 
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with frequency oji and w^, and cri = (\b) {a\y is the "spin- 
flip" operator for the jth atom, with its adjoint cr{ - (\a) {b\y. 
The coupUng constant g is given hy g - fi yfujflhei^V, where 
ji is the magnitude of the atomic dipole moment, and V is the 
effective volume of the cavity. 

In order to denote the finite-time interaction between the 
atoms and Ramsey separated field, we introduce the function 

Yj{t) = @{t-tj)-@{t-tj-T)+(S){t-tj-T-T)-@{t-tj-2T-T), 

(2) 

where 0(f) is the Heaviside step function [0(f) = 1 for f > 0, 
0(f) = 1/2 for f = 0, and 0(f) = for f < 0]. T is the free 
drift time of the atoms, and t is the interacting time between 
the atom and one cavity. 

By the standard way ||25| . we can get the Heisenberg- 
Langevin equations of the motion for the single-atom and 
filed operators. By introducing the macroscopic atomic oper- 
ator, M(f) = -iY.j'^ j{t)ai{t\ N„{t) = i:,r/f)<(f), Nh{t) = 

2; ^ jit)o'ihit), the dynamic equations for the field and macro- 
scopic atomic operators yield 



a(t) 



--a(t) + gM(t) + F,(t), 



(3) 



NM = R(l-Ao+Ai-A2)- (7a + 7'a)Na(t) 

- g[MUt)a(t) + fl'"(f)M(f)] + FJt), (4) 

Nb(t) = - RiBo -Bi+ B2) - nNbit) + VaNait) 

+ g{aHf)M(f) + MHf)a{t)]+Fh{t\ (5) 

M(/) = - R{Cq - Ci + C2) - yahMit) 

+ g[NM-Nbit)Mt) + FM(t), (6) 

where the macroscopic noise operators are defined as 

Fjt) = Yj ^j(t)^i(t) - /?(i - A„ A, - A2) + ^ r/f)/i(f), 

j j 

Fbit) = Yj f ;<0(^^(f) + R{Bo -Bi+B2) + Yj r/f)//(0, 
i j 

FmH) = -/ 2 tj(t)&Ut) + R(Co - Ci + C2) - / ^ Tj{t)fl{t), 

j j 

with Ao = {o-i(tj + T))^, Ai = [o-iitj + T+T))^, 

A2 - {cri(tj + 2T + T))^, B„ = i^iitj + T))^^, 

Bi = {criitj + T + T))^, B2 = {aiitj + lT+T))^, 

Co = {-icrUtj + T))^^, Ci = {-icrUtj + T+T))^^, 

C2 = (^-icriitj + 2t + T)^ . R is the mean pumping 
rate, which is defined in |26]. It is very easy to check that the 
average values of the above Langevin forces are all zero. 



By using the above definitions of the noise operators, we 
find the correlation functions of macroscopic noise forces can 
be generally written in the form 

{Fk(t)F,(t')) 





Df/6it- 


t') + D[]^d{t -t'-T) 




+ 


Df/d(t- 


f' + t) + £>^f 5(f - f' - r - 


T) 


+ 




t' + T+T) + Dfi^dit - f' - 


-2t-T) 


+ 


Df/S(t- 


f' + 2t + r) -H £>^7'^(f - f' 


-T) 


+ 




f' + T), 





(7) 



where D^^jik, I 



a, b, M, M'; i = 0, 1 , 2) are the quantum dif- 
fusion coeflicients. 

c-number correlation functions: By choosing some partic- 
ular ordering for products of atomic and field operators, one 
could derive the c-number stochastic Langevin equations from 
the quantum Langevin equations derived above, and all of the 
dynamic equations for c-number stochastic variables are the 
same as in |26l] . The differences are from the correlation func- 
tions. On the other hand, we convert the quantum noise oper- 
ators into the c-number noise variables Fk{t){k - a, b, M, M''), 
whose correlation functions are expressed as 



{Fk{f)Fk{t')) 



= bf^6{t-t') + &ll6{t-t' -T) 

+ bfi6{t -t' +t) + bf^dit -t' -T-T) 

+ bf^dit -t' +T + T) + bf,^s(t - f' - 2t - r) 

+ bfi>6(t -t' +2t+T) + b'^^^dit -t'-T) 

+ bfdit -t' + T), 



(8) 



where 5*'* are the c-number Langevin diff'usion coeflicients, 
related to quantum Langevin diffusion coefficients as in 
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Steady-state solutions: The steady-state solutions for the 
mean values of the field and atomic variables for laser op- 
eration are obtained by dropping the noise terms of the c- 
number Langevin equations and setting the time derivatives 
equal to zero. The analytical solutions are very complex, and 
one could numerically solve the steady-state equations. In this 
paper, we only care about the bad cavity limit y„ax <K T"' <K 
T"' <K kI2. Since the atomic transit time is much shorter than 
the damping times of atomic variables, one could ignore the 
effect of the spontaneous emission of the atom. By the stan- 
dard way ll25[l . We get the following steady-state values: 



I - |2 _ Ril -Ao+Ai 



■A2) R(Bo-Bi+B2) 



Rt 
~2 



Cq-C\+ C2 



RiBo -B1+B2) 
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Rt 

Nbss = — 



1 



Co - Ci + C2 
8T 



R{Bo -Bi+ B2) 



A detailed analysis about the stability of the steady-state can 
be found such as in |28]. In this paper, we assume the steady- 
state solution is stable. 

Laser linwidth: Suppose the quantum fluctuation is small, 
the evolution of the fluctuations can be obtained by making a 
linearization of the c-number Langevin equations around the 
steady-state solution. Then the measured spectra of field fluc- 
tuations will be directly related to these quantities. By Fourier 
transformations of the linearized equation, we get the arnpli- 
tude and phase quadrature components 6X{oS) and 5Y{lo) 12611 . 
Well above threshold, one can neglect the amplitude fluctu- 
ations, and the linewidth inside the cavity is related to the 
phase-diff'usion coefficient |25]. For small fluctuation of laser 
phase, the spectrum of phase fluctuations is simply related to 
the spectrum of the phase quadrature component of the field 
fluctuations, namely. 



In the region jab 7^ ' t" ' <K a:/2, as in the recently 
proposed active optical clock liTsIl with atomic beam. The 
phase quadrature component of the field fluctuations can be 
expressed as 



{kI2 + y,i,Y 



h0j\{Kl2 + Jabf + OJ^] 4(^/2 + r„i)2 

+ 2R[{Ao + Bo) + (A2 + B2)] 

+ Rp[(Co - Q2 + (C, - Clf + (C2 - Cp2]). 



(9) 



Since the time r and T is much shorter than the time scale 
of the atomic dampings, we can neglect the dampings when 
calculate A,-, Z?,, C,. By using 



An = cos 



A I - cos 



A2 = 1 -sin2(QRT)cosM^r), Bo = sin^f^r 



Bi = sin^ ( ^rj , B2 = sin^ (Q^^t) cos^ 



(Co - C*of = 0, (Ci - C;f = - sin^ (Q«t) sin^ (Az^) , 
(C2 - Clf = - sin^ (Qrt) sin^ (AzF) , 



we get 



(k/2 + Jab) 



2 y2 

'ah 



+ D„,„[2-psin2(n«T)sin2(A2r)]), (10) 



where is the Rabi frequency on resonance, 

DsT^g^Nasslhyab , Dr„„, = g'^R/2Ioyli^, and 
A2 = (X) - {(L)a2 - (jL>bi) presents the detuning in the free 
drift region, p is a parameter, which characterizes the pump- 
ing statistics: a Poissonian excitation statistics corresponds to 
p - Q , and for a regular statistics we have p - I- 

Then the linewidth of Ramsey laser with bad cavity is given 

by 

^ah 



^ = . ,0 ^i ^^ST + DrU2 - p sin2(QRT) sin2(A2r)]). 

(k/2 + JabY 

(11) 

Since Dsr/DRam <K 1 in our situation, and in the case of max- 
imal photon number, the steady state value of Nass is about 
Rt/2. Then we get the 

28' 



D 



-[2- p sin^(QRT) sin^(A2r)]. 



(12) 



From the expression above, we find that the pumping statis- 
tic can influence the linewidth. For regular injection (p - 1), 
the linewidth is the narrowest, while for Poissonian injection 
(p = 0), the linewidth is the broadest. But even for regular 
injection, the linewidth is larger than the case of one cavity. 
That means the mechanism of separated-field does not play 
the role in reducing the linewidth as in the conventional opti- 
cal Ramsey method, which is counter-intuitive. However, the 
separated fields are indispensable for any phase detection like 
atom interferometry. The details about the method of active 
atom interferometry will appear elsewhere. 

Our method of Ramsey laser is suitable for any atoms with 
metastable energy level, as an example, we choose the tran- 
sition from the metastable state 4s4p ^Pi to the ground state 
4,?^ '5o of '^''Ca to check the striking feature of this laser: sub- 
natural linewidth. As mentioned in [29], the corresponding 
natural linewidth of the metastable state 4s4p ^Pi is 320Hz. 
As in the recently proposed active optical clock with atomic 
beam lIlSll . the velocity of the atoms in thermal atomic beam is 
about 500m/s, and the length of the interaction region is about 
1mm, then the time for the atom to traverse each coherent- 
interaction region is on the order of magnitude of 1 /us. If 
a bad cavity with k is on the order of lO^Hz, the relation 
k/2 » T ' is satisfied. Then when g is on the order of the 
magnitude of kHz, which can be easily achieved for current 
technique ifsoll . from the linewidth expression of Eq.(16) the 
order of magnitude of linewidth is below 1 Hz. This means 
the linewidth of a Ramsey laser can be more than two or- 
ders of magnitude narrower than the atomic natural linewidth, 
therefore our Ramsey method provides a new subnatural spec- 
troscopy technique. And since it is stimulated-emission spec- 
trum, it overcomes the difficulty in other subnatural linewidth 
spectroscopy schemes where the quick reduction of signal to 
noise ratio is a formidable limit. We should point out that 
this Ramsey laser does not escape the limitation of all active 
optical clock: in order to pump atoms to the excited state ef- 
fectively and to be stimulated emit photon during the lifetime 
of a metastable state, this new method will only be applicable 
to some special transitions liTT 
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Conclusion: In summary, we propose a new subnatural 
linewidth spectroscopy technique, which is a laser by us- 
ing Ramsey seperated-field cavity to reahze the output of 
stimulated-emission radiation via multiple coherent interac- 
tion with atomic beam. We find the linewidth of Ramsey laser 
is subnatural if we choose an appropriate atomic level, and the 
bad-cavity laser mechanism will dramatically reduce cavity- 
related noise as discussed in active optical clock lITsl - figll . Our 
results show that this new subnatural linewidth spectroscopy 
is superior to conventional optical Ramsey seperated-field 
spectroscopy and any other available subnatural spectroscopy 
technique at present llsl- fioll . Considering one have to ap- 
ply the separated-field method in any phase detection as in 
Ramsey-Borde'interferometer [2], to investigate the effects of 
phase differences between the two oscillating fields [31] in 
this stimulated separated-field method with such subnatural 
linewidth will be our next research aim. 

We acknowledge Yiqiu Wang and Deshui Yu for fruitful 
discussions. This work is supported by MOST of China 
(grant 2005CB724500, National Natural Science Foundation 
of China (grant 60837004, 10874009), National Hi-Tech Re- 
search and Development (863) Program. 



* E-mail: jbchen@pku.edu.cn 
^ E-mail: hongguo@pku.edu.cn. 
[1] N. R Ramsey, Phys. Rev. 76, 996 (1949). 
[2] B. Dubetsky and P. R. Berman, In Atom Interferometry, edited 

by P. R. Berman (Academic Press, Cambridge, MA, 1997). 
[3] M. M. Salour, Rev. Mod. Phys. 50, 667 (1978). 
[4] I. Wong and I. C. Garrison, Phys. Rev Lett. 44, 1254 (1980). 
[5] P. L. Knight and P. E. Coleman, I. Phys. B: Atom. Molec. Phys. 
13 4345 (1980). 

[6] H. -W. Lee, P Meystre, and M. O. Scully, Phys. Rev. A 24, 1914 
(1981). 

[7] F. Shimizu, K. Shimizu, and H. Takuma, Phys. Rev A 28, 2248 
(1983). 

[8] W. Gawlik, I. Kowalski, F. Trager, and M. VoUmer, Phys. Rev. 



Lett. 48, 871 (1982). 
[9] H. I. Carmichael, R. J. Brecha, M. G. Raizen, H. J. Kimble, and 
P R. Rice, Phys. Rev. A 40, 5516 (1989). 
[10] U. W. Rathe, M. O. Scully, Letters in Mathematical Physics 34, 
297 (1995) 

[11] K. Numata, A. Kemery, I. Camp, Phys Rev Lett, 93, 250602 
(2004). 

[12] A. D. Ludlow et ai. Opt. Lett. 32, 641 (2007). 
[13] H. I. Kimble, B. L. Lev, and I. Ye, Phys. Rev. Lett. 101, 260602 
(2008). 

[14] I. Chen, and X.Chen, In Proceedings of the 2005 IEEE Inter- 
national Frequency Control Symposium and Exposition, (IEEE, 
2005), p.608. 

[15] I. Chen, e-print arXiv:0512096 quant-ph; Chinese Science Bul- 
letin 54, 348 (2009). 

[16] D. Yu and I. Chen, Phys. Rev. A 78, 013846 (2008). 

[17] I. Chen, In Frequency Standards and Metrology: Proceedings 
of the 7th Symposium, edited by Maleki Lute (World Scientific 
Publishing Company, 2009). 

[18] Y. Wang, Chinese Science Bulletin 54, 347 (2009). 

[19] D. Meiser, J. Ye, D. R. Carlson, and M. I. Holland, Phys. Rev. 
Lett. 102, 163601 (2009) 

[20] F Strumia, Metrologia 8, 85 (1972). 

[21] G. Kramer, J. Opt. Soc. Am. 68, 1634 (1978). 

[22] V. S. Letokhov and B. D. Pavlik, Opt. Spectrosc. USSR 32, 455 
(1972). 

[23] Ye. V. Baklanov, B. Ya, Dubetsky, V. P Chebotayev, Appl. 

Phys. 9, 171 (1976). 
[24] J. C. Bergquist, S. A. Lee, and L. L. Hall, Phys. Rev. Lett. 38, 

159 (1977). 

[25] L. Davidovich, Rev. Mod. Phys. 68, 127 (1996). 

[26] M. I. Kolobov, L. Davidovich, E. Giacobino, and C. Fabre, 
Phys. Rev. A 47, 1431 (1993). 

[27] M. Sargent III, M. O. Scully, and W. E. Lamb, Laser Physics 
(Addition Wesley, Reading, MA, 1974). 

[28] N. A. Abraham, P. Mandel, and L. M. Narducci, Dynamic In- 
stabilities and Pulsations in Lasers, Progress in Optics XXV, 
edited by E. Wolf (Elsevier, Amsterdam, 1988). 

[29] L. Pasternack, D. M. Silver, D. R. Yarkony, and P. I. Dagdigian, 
I Phys. B 13, 2231 (1980). 

[30] K. An and M. S. Feld, Phys. Rev. A 56, 1662(1997). 

[31] N. F Ramsey and H. B. Silsbee, Phys. Rev. 84, 506(1951). 



